We obtain the complete characterization of those domains G ⊂ C which admit the so-called estimate of the Cauchy integral, that is to say,
Introduction
The problem of estimating the Cauchy integral over the boundary of a domain was posed by Vitushkin in connection with the theory of uniform rational approximation on compact subsets of the complex plane. The problem consists of characterizing those bounded domains G ⊂ C with rectifiable boundary for which there exists a constant C 1 (G) such that for any compact set E ⊂ G and any function f bounded and holomorphic on G \ E the following estimate holds:
where γ(E) is the analytic capacity of E (see next section for the precise meaning of the notions appearing in this section). Vitushkin also raised the analogous question for functions f continuous onḠ and holomorphic on G \ E, changing γ(E) by the continuous analytic capacity α(E). The estimate (1) was proved in 1966 in [Me1] for G being a disk, and more generally, for G with analytic boundary. Later on, Vitushkin [Vi1] proved the estimate (1) for domains G bounded by piecewise Lyapunov curves (i.e., piecewise C 1+ε curves). In [De] , Davie generalized the result to the case of hypolyapunov curves (i.e., curves satisfying a Dini type condition).
In [Vi2, Section III.1], Vitushkin showed an example of a domain G with rectifiable boundary such that the estimate of the integral (1) does not hold (that M. Melnikov and X. Tolsa is, rectifiability of the boundary alone does not imply (1)), and he conjectured that (1) holds if G is a Jordan domain such that
for some constant C 2 (G) > 0 (H 1 denotes the one-dimensional Hausdorff measure, or arc length). In the present paper we prove that this conjecture is true.
Let us remark that when ∂G is a curve, condition (2) is equivalent to the fact ∂G is Ahlfors regular, that is to say,
This follows from a theorem of David [Dd] which asserts that the Cauchy integral operator is bounded in L 2 on Ahlfors regular curves. Now we state our result in detail.
Theorem 1. Let G be a bounded open set in C whose boundary ∂G is a finite disjoint union of Jordan rectifiable (closed) curves. Then, the following conditions are equivalent:
(a) There exists some constant C 2 (G) > 0 such that for any closed set F ⊂ ∂G,
(d) There exists some constant C 3 (G) such that for any compact set E ⊂ G and
The constants C 1 (G) and
and conversely.
Notice that in Theorem 1 we consider a more general setting than G being a Jordan domain. Moreover, we show that Vitushkin's condition (2) is not only sufficient, but also necessary for the estimate of the Cauchy integral.
Vitushkin's original motivation for studying estimates like (1) was to obtain necessary and sufficient conditions for uniform rational approximation. Let X ⊂ C be compact and, as usual, let R(X) be the algebra of uniform on X limits of rational functions with poles out of X, and A(X) the algebra of functions continuous on X and holomorphic on • X (this is the interior of X). Given f ∈ A(X) one asks when f also belongs to R(X). A direct consequence of Theorem 1 is that
